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The Opercational Calculus 
by F. D. MURNAGHAN 

It is now generally recognized that tlle operational calculus ftur- 
nishes a powerful method for obtaining particular solutions of a systemn 
of linear differential equations with constant coefficients. Most expo- 
sitions of operational calculus, however, do not make it quite clear 
just what particular solutions of the system of linear differential equa- 
tions are furnished by the operational calculus and many are restricted 
to the case of a single differential equation. We think, then, that an 
expository article on the operational calculus may serve a useful purpose. 
The principal novelty in this exposition lies in the fact that we do not 
confine ourselves to the case of a normal system of linear differential 
equations, i.e., one in which the determinant of the coefficients of the 
highest order derivative wlhich appears in the system is different from 
zero. We treat also the abnormal case in which this determinant is 
zero. In the normal case the derivatives of order lower than the highest 
which occurs in the system may be assigned arbitrary inlitial values 
wvhile in the abnormal case these lower order deri;atives must satisfy 
certain relations. 

1. The Laplace Transformnation. Operatiolnal calcultus is based on 
an operation (known as the Laplace Transformation) which sends com- 
plex valued functions of a real variable t into functions of a complex 
variable z. The functions of the real variable t are defined only for 
t)O, i.e., for non-negative values of t, but it is convenient to extend 
their range of definition by the convention that they are zero when t<O. 
It is sufficient for our purpose to confine our attention to piecewise- 
contiiittous functions. Iff(t) is one of these piecewise-continuous functions 
we denote by f(+ 0) the limit at t = 0 of f(t), it being tinderstood that t 
tends to zero through positive values; thus if f(t) is continuotis at t= 0, 
f(+ 0) =f(0) = 0, but if f(t) is not continuous at t = 0, f(+ 0) is not neces- 
sarily equal to f(O). We suppose that there exists a complex number 
zo=xO+yOi such that the improper integral 

fe Z0 f(t) dt 
Jo 

exists. Then if z=x+yi is any comnplex number which lies to the right 
of z0 (i.e., for which x >xo) the improper integral 

fo 

ON(a= e- z Y(t) dt 
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exists and is analytic at z.* We -term this integral the Laplace Trans- 
form of f(t) and we denote it by L(f). Thus 

If L(f) is deft ned at z= zo, L(f) is analytic over the half-plane 
R(z) >R(zo) wlhere R(z) denotes the real part of z. 

It follows from the very definition that L(f) is a linear operator, i.e. 

L(cf) =cL(f); c any constant; 

L(f +f2) =L(f1) +L(f2). 

If we denote by 1 the unit-function, i.e., the function which is 1 when, 
t > 0 and 0 when t < 0 (the value at t =0 being unimportant) we have 

L(1) =-; R(z) > 0 
Z 

and if c is any complex nLumber we have 

L(e- ~R(z+c) >0. 
Z+c 

It follows readily that 

L(cos at)=- ; L(sina/)= a R(z) > jI(a) 
z2+a 2 ~~~z2+a 2 

where I(a) denotes the imaginary part of the (complex) number a. 
Furthermore if p is any positive integer 

L I tPf (t) } = ( -1) PSPL (f) 

wlvere a denotes differentiation with respect to z. For example 

L(t sin at) = (2+a2)2 R(z)>[I(al)j. 

Of particular importanice is the following result: 

If L(f) is a proper rational fraction th;is proper rational fraction has 
near, z = oo, the powver series development 

f(+O) Df(+0) D"'f(+0) 
L(f) z + 

*z2 
+ + s 1 

'where D denotes differentiation with respect to t and Df(+ 0), for example, 
is the limit at t= 0 of Df, it being understood that t-*O throutgh positive 
values. 

*The proofs of the statements made in Sections 1, 2 and 5 of this article may be 
found in the chapter entitled Operational Calculus of the book Applied Mathlematics 
by the author, wrhiich is now in press. 
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THE OPERATIONAL CALCULUS 119 

On the other hand a rational fraction which is not proper is not 
the Laplace Transform of any function of t (since [L(f) I may be made 
arbitrarily small by merely making R(z) sufficielntly large). 

Finally we state the following uniqueness theorem : 

f(t) is determined unambiguously by its Laplace transform L(f) at anzy 
point t at which f(t) is continuous. 

This fundamental result is a consequence of the fact that L(f) is, 
when regarded as a function of y, the Fourier transform of the function 
of t which is zero when t < 0 and which = (27r)1e- :f(t) when t>O. 

2. The conivolutionl process. 

Iff and g are any two piecewise-continuous functions of t the integral f 
f (-) g(t --r)dr 

is a continuous function of t which we denote byvf * g. It is easy to show 
that f * g =g * f and we term f * g the convolttion of f and g. If Df exists 
and is piecewise-continuous then, at any point t where g is continuous, 
f * g is differentiable, its derivative being furnished by the formula 

D(f " g) =f(+O)g+ (Df * g). 

The convolution process is associative, i.e., 

(f * g) * h=f * (g * h) 

and so we denote the common value of these two expressions by the 
symbol f * g * h. The significance of the convolution process for opera- 
tional calculus lies in the following theorem: 

If L(f) and L(g) are both defined at z0 the Laplace Transform of f * g 
exists and has the value L(f) L(g) at any point z for which R(z -z0) > 0. 

rt 
Since f *1= A-f(r)dr and si nce L(1)= , R(z) >0, 

0 

we have L f(fr)dr} L(f) 

it being understood that the real part of z is positive and that z lies to the 
right of a point z0 at which L(f) is defined. This result may be conven- 
iently phrased as follows: 
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120 MATHEIMATICS MAGAZINE 

Integration ovcr [ O,t ] is reflected in the domain of Laplace Transforms 
by division by z. 

It readily follows that if f(t) possesses a piecewise-continuous de- 
rivative D(f) and if D(f) possesses a Laplace Transform at z=z0 then at 
any point z for which R(z-zo) >0, L(f) exists and 

L(Df) = z { L(f) } -f (+ 0). 
In particular if f (+ 0) = O we have L(Df) = zL(f); in other words 

Differentiation with respect to t is reflected (for those fuinctions for 
which f( +0) = 0) in the domain of Laplace Transforms by multiplication 
by z. If f (+ 0) # 0 this multiplication by z mutst be followed by the adjust- 
mnent inzvolved in subtractinzg f (+ 0) from z L(f). 

We conclude with the following extension of this result: 
Let f=f(t) possess a piecewise-continuous nth order derivative 

which possesses a Laplace Transform at z=z0; then L(f) exists at any 
point z for which R(z-zo) >0 and 

L(D?) =nL(f)n lf(+0)z2Df(,+0) D +0). 

The particular case n =2 is of especial importance in applications of the 
theory; for this case we have 

L(D2f) = z2L(f) -zf(+0O)-Df(+O). 

3. The operational solution of a single linear differential equation 
with constant coefficients. We write the differential equation, of order n, 
as follows: 

P(D)y =f. 

Here D denotes differentiation with respect to the independent variable t 
and P(D) is the polynomial operator. 

P(D) = coDn+ cD n1+.j . +Cn. 

where co, ,cn are constants. f=f(t) is a given piecewise-continuous 
function of t which is zero if t<O and which possesses at some point 
z0-xo+yoi a Laplace Transform. The problem is to determine y=y(t) 
so as to satisfy the differential equation and to possess, together with its 
derivatives up to the (n- 1)st, inclusive, prescribed initial values y(+ 0), 
Dy(+0) , Dn-I1y(+O). To solve this problem we assume that y has 
a piecewise-continuous itth order derivative Dny which possesses at some 
point z, whose real part is greater than xo, a Laplace Transform. We 
have, then, the series of relations 
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THE OPERATIONAL CALCULUS 121 

L(Dy) =z L(y) -y(+O) 

L(D2y) =z2L(y) -zy(+O) -Dy(+O) 

L(Dny) = ZnL (y) _ zn- 'y(? 0) - -Dn- y(?+ 0) 

anid these imply that 

LP(D)y} =P(z)L(y) - (cozS41+ + C?c 1)y(+ 0)- -coD"y(+ 0). 

Choosinig z so that it lies to the right of every zei-o of the polynomial 
P(z) we are sure that P(z) 0 0 and so 

L(f) + COP-)1+ 
+C, 

y(+O)+ + CO 
D'Y(+0) 

+()PZ P(z) 

(since P(D)y=f). The initial conditions expressed by the statement 
that y and all its derivatives ul) to the (in- 1)st, inclusive, are zero at 
t= +0 yield a particularly simple formula for L(y), namely, 

L(f) 
L(y)-= P(z) 

We shall term the solution of the problem which corresponds to these 
particularly simple initial conditions the rest soluttion and we shall de- 
note the rest solution by r=r(t). Thus 

L(r)= pL(f) P (z) 

If so(t), sl(t), , sn,1(t) are the functions of t whose Laplace Transforms 

COz l + +C,-,l Co 

are ~ -~ P(z) ' ' P(z) 

respectively, we have 

L(y) =L(r) +y(+O)L(so) + +D"-Iy(+ )L(s.-,). 

Since any function of t which possesses a Laplace Transformi is unam- 
biguously determined, at any point where it is continuous, by this 
Laplace Transform, it follows that 

y = r+y(+ O)so+ +Dn-,y(+ O)Sn-l 

Thus y = y(t) is determined as sooIn as we have found the rest solution 
r = r(t) and the auxiliary functions (SO, *, sn-1). To facilitate the de- 
termination of r and of these auxiliary functions we consider the problem 
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of determining the solution q=g(t) of the associated homogeneous differ- 
ential equation 

P(D)i= 0 

which is zero together with i-ts derivatives up to the (n-2)nd, inclusive, 
at t= + O, while 

D1-1q(+O) 
CO 

The same argument that furnished L(y) yields 

P(z)L(q) =coD?-Iq(+O) = 1 

so that L(q)= P 

Since L(r)= - -L(q)L(J) we have 
P (z) 

r=q *f 

(for the convolution of two functions is reflected in the dom).ain of Laplace 
Transforms by simple multiplication). Furthermore since q(+O) = O 
we have 

L(Dq)=zL(q)= Pz 

and, similarly, 

L(D 2q) = , L (D )q) P (z) 

Hence so = coD 1-1 'q+ +Cn-l; 

s1 = coD1-i2q+ *+c>2q 

Sn-1 = c0q. 

Thus the solution of the problem is furnished, in terms of the function 
q=q(t), by the formula 

y = r+ (cODi-lq + +c.-.)y( + O) + +coqDn- ly( + 

where r=q *f. 
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The function q = q(t) is easily obtained by analysing 

P(Z 

into simple fractions. In fact the function which has 

1 
Z-a 

as its Laplace Transform is eat; the function which has 

1 
(z-a)P 

as its Laplace Transform is 

ZP1 
(p- 1) 

the function which has (z-_)2-+ b- 

as its Laplace Transform is eOt sin bt 

b 

and the function which has z-a 2?b2 

as its Laplace Transform is {cos bt+(a/b)sin bt}eat and soon. In parti- 
cular if all the zeros (al,, a,) of P(z) are simple we lhave 

P(z) =co(z-axi) . (z -ct,) 

1 n 1 1 
and 

and ~~P(Z) k= 1 6P(ak) (z -a7) 

nt eak t 

so that q(t) = , 
k=1 6 ak 

We shall denote by R(t) the rest solution obtained when f(t) is the 
tnit function 1. Since 

z 
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124 MATHEMATICS MAGAZINE 

we have L(R)= () 

Hence R(t)=q q(r)dr. 

However the expression for R(t) may best be found directly without 
first determining q(t). All we have to do is to analyse 

zP(z) 

into simple fractions. In the particular case where P(z) has n simple 
zeros (al, , , a,,), none of which is zero, we have 

1 1 911 
zP(z) P(O)z k= ak6P(ak) (-at) 

n 
eakt 

and so R(t) P() h =k6P(k) P() k=1 

This result is known as the Heaviside Expansion Formutla; pay particu- 
lar attention to the fact that the solution it furnishes is the rest solution, 
i.e., the solution which is zero together with all its derivatives tip to 
the (n-1) st, inclusive, at t =+ O. 

L (f)1 Since L(r)= - )=zL(f) =z L(f) L(R) 
P(z) z P(z) 

and since z L(f) =L(Df) +f(+-O) we have 

L(r)=L(D,f) L(R) +f( +O) L(R). 

Hence, since convolution is reflected in the domain of Laplace Trans- 
forni,s by simple multiplication, 

r r=f(+O)R+(Df * R) 

i.e., r(t) =f + O)R(t) + Df (,r) R -r) d r. 
J 0 

This important result is known as the Maxwell-Boltzmann-Hopkinson 
Principle of Sutperposition. It furnishes a convenient method of de- 
termining the rest solution r(t) corresponding to a given applied impulse 
f(t) when the rest solution R(t) corres'ponding to the unit applied im- 
pulse is known. 
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Example. (D 2+[n2)y=A cos wt. 

Here P(z) = Z-2+n2. If n 0, q(t) = (1/n)sin nt while, if n =O, q(t) =t. 

Case 1. n5O. 

Since co= 11 Cl = 0, C2 = n2 we have 

so=coDq+cl=cos nt; si=coq= (1/n)sin nt. 

The determination of r(t) depends on whether- W2=n2 or not. 

Case 1a. <2$2 

L(r) = Az A J z z 
(Z2+?n2) (z2+CO2)= n2-co2 2+ co2 z2+12 f 

A 
so that r= A COS t-cos nt} 

1112-co CSoCSl} 

Case lb. C02 =2 

Az A 
(Z2+In ) 2 2 z2+,n2J 

Hence r= A t sin nt. 
2n 

Thus the solution in Case 1 is as follows: 

Case la. y(t) 22 (coscot-Cos nt) +1y(+O)cos nt 

?Dy(? 0)sin 
n 

lb. 
~ A Dy(? 0) 

Case 1b y(t)= 2n t sin nt+y(+O)cos nt+ sin iit. 

Case 2. n = 0. 

Since q(t) = t we have so=1, s1= t. 

Case 2a. co 5 O 

A A 1 z 
Z (Z2+CO2) co2 z z2 2Jco2 f 

so that r= 2 (1-cos ot). 
2o 
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Case 2b. =O 

A At2 
L(V)= 3 so that r= 

z3 ~~~2 

Thuls the solution in Case 2 is as follows: 

Case 2a. y(t) = 2 (1-coscot)+y(+O)-+Dy(A+O)t 

Case 2b y(t/) = At2 + y(--O)?+Dy(-1-O)t. 2 

4. The operational solution of a system of linear differential equtations 
with constant coefficients. We shall regard a system of m differential 
equations for m unknowns as a vector differentiai equation (the m un- 
knowns yl, y2, , yfl being the coordinates of the unknown vector 
y=y(t)). The vector differential equation may be written in the form 

P(D)y =f 

where, now P(D) is an mxm matrix whose elements P,-(D) (P,-(D)) 
being the element in the sth row and rth column) are given polynomial 
differential operators. If the highest order derivative that appears 
in any of the m2 elements PrS(D) of the matrix P(D) is the nth we may 
write 

P(D) = CoDnA+ CiDn-l+. +Cn 

where the coefficients (CO,Cl ,Cn) are, now, constant mxm matrices. 
Co is not the zero matrix but it may very well be singular, i.e., its de- 
terminant may be zero. We suppose that the given vector function 
f(t) possesses at some point z0 a Laplace Transform and that our vector 
differential equation possesses a solution y=y(t) having a piecewise- 
continuous nth orde- derivative which possesses, if the real part of z is 
sufficiently large, a Laplace Transform. (We understand by the Laplace 
Transform of a vector, or of a matrix, the vector, or matrix, whose 
coordinates are the Laplace Transforms of the corresponding coordi- 
nates of the given vector, or matrix.) Proceeding in exactly the sam 
way as in the case of a single differential equation, we obtain theseries 
of relations: 

L(Dy) = zL(y) -y(+O) 

L(D2y) =Z2L(y)-z y(+O)-Dy(+-O) 

L(D2y) =z12(Ly) -z?ily(+O)-. .-D1--y(+O) 
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and these imply that 

L{P(D)y} =P(z) L(y) _ (Cozn-l+ + CI7)y(+0) C GoD-?ly(F+O). 

This relation reduces to 

L{P(D)y} =P(z)L(y) 

if y(+O), Dy(+O), X, D-1y(+O) satisfy the following relations: 

Coy(+O) = O; 

CoDy(+0) + Cly(+O) = ? 

CoDn-1y(+0) + + CI.G ly(+-0) = 0. 

If Co is nion-singular these relations yield, one after the otlier, the re- 
lations 

y(+O) =O; Dy(+O) =O; ;D4-y(+O)=O. 
Whether or not Co is singular we shall term any solution of our vector 
differential equation whose initial values satisfy the relations: 

Coy(+O) =O; ; CoDn-1y(+O)+ + CnGly(+O) =O 

a rest soluttion and we shall denote a rest solution by r=r(1). Then 

P(z)L(r) =L{P(D)r} =L(f). 

Choosing z so that it lies to the right of every zero of the polynomial 
det P(z) we are sure that P(z) is non-singular. Denoting its reciprocal 
by N(z) we have 

L(r) = N(z)L(f). 

We shall say that our vector differential equation is normal when CO is 
non-singular and abntormal when Co is singl-ular (so that det Co= 0). 
When the vector differential equation is normal det P(z) is a polynomial 
in z of degree nm and each cofactor of P(z) is a polynomial in z of degree 
not greater than n(m-1). Hence each element of N(z) is a proper 
rational fraction. When the vector differential equation is abnorlmal 
this may not be the case. We shall consider only the case where 

Each element of- N(z) is a proper rational fraction. 
z 

In order to get some idea as to how restrictive this assumption is, con- 
sider for a moment the case m = 2, n 2 which occurs, for examllple, in 
the study of coupled electric circuits possessing inductance, resistance 
and capacity. In this case each element of 
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N(z) 

is a proper rational fraction Iniless det P(z) is a degree less than 2. Since 
the number of arbitrary conistants inVolved in the solution of the vector 
differential equation is precisely the degree of det P(z), it follows that 
if any elem.ent of 

-N(z) 

is not a proper rational fraction the num.ber of arbitrary constants 
involved in the solution is at least three less than the number (4) that 
would be involved if the vector differential equtation were normal. 

Since, then, each element of 

1 N - N(z) 
z 

is, by hypothesis, a proper rational fraction, there exists an mxmn matrix 
R = R(t) whose Laplace Transform is 

-N(z) 
z 

and we have 

I R(+O) DR(+0) Dk-lR(+O) 
z z z z 

or, equivalently, 

DR(+0) D2R(+0) 
z z 

On multiplying (on the left) this relation by P(z) = Coz)'+' + Cn we 
obtain the series of relations 

CoR(+0) =0; 

C0DR(+0) + CIR(+ 0) = 0; 

CoD nR(+o) + + CGR(+0) =Em; 

CoDn+'R(+ O) + + CnDR(+ 0) = 0 
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In othel words: 

Each colu,nin, vector of the inxni m1atrix R=R(t) satisfies at t= +O 
the initial conditi.ons that must be satisfied by a rest solution of the vector 
differential equation. 

It follows that 

L { P(D)R =P(z)L(R) = P(z)-N(z) = = L(Em) z z 

so that P(D)R = E77 

In other words 

R = R(t) is the rest solution of the matric differential equlation 
P(D)R = Emn 

If r=r(t) is a rest solution of the given vector differential equation 
P(D)y=f we have 

L(r) = N(z) L(f) = L(R) z L(f) = L(R) { LD(f) +f(+ O)} 

and so r=RJ(+O)+(R*Dt) 

where we understand by (R * Df) the following 

(R * Df)= f R(r)Df(t-r)dr. 

This is the Principle of Superposition (of rest solutions) for a vector 
differential equation. That r=r(t) defined by the formula 

r =Rf(+O)+(R * Df) 

actually is a rest solution of the vector differential equation 

P(D)y =f 

is an immediate consequence of the facts that P(D)R=Em and that 
each column vector of R satisfies the initial conditions appropriate to a 
rest solution. (We assume that f possesses a piecewise-continuous nth 
order derivative when evaluating D'r.) 

If we multiply the relation 

DR(+O) D 2R(+O) o i (z) = R(+O) + + + w b t se li 

on the right bgy P(z) Coz"+ + Cn, we obtain the series of relations 
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R((+O)Co=O; 

DR(+O)Co+R(+0)C1= 0; 

D??R(+O)Co+ +R(+0)C?1-E,l; 

D t+ R(1 Co +0)CO+.. +DR(+0)C11'=0-. 

On mnultiplying, then, the equation P(D)y=f on the left by R(+O) it 
follows from the first of the relations above that 

R(I+0) { CiD?1+ + C,2 . y =R(+ O)f 

Hence the initial values of y, Dy, , D?-Iy miiust satisfy the relation 

R(+O)C]D11-1y(+0) + * * +R(+O) Cy(+O) =R(+O)f(+O). 

If the equation is norm.al (so that det Co#O) R(+O) is the zero matrix 
and this relation is vacuous. If n > 1 we obtain an additional relation 
connecting the initial valtues of y, Dy, . , D"-1y by multiplying the 
equation P(D)y=f on the left by DR(+O) and adding to this the 
relation 

R(+0) {I CiDi+ +CnD }y=R(+O)Df 

(obtained by differentiating with respect to t the relation just given) 
and then using the second of the relations given above. If nS>2, another 
such relation is obtained by multiplying the equation P(D)y=f on the 
left by D2R(+O) and eliminating Dny by using the first three of the rela- 
tions given above and so on. We suppose in wlhat follows that the 
initial values of y, Dy, -, Dn-ly satisfy, when the given vector differ- 
ential equation is abnormal, these necessary relations. 

We now introduce the mnxm m-natrix Q=DR each of whose elements 
is the derivative with respect to t of the corresponding element of R. 
Since 

L{P(D)Q} =L {D P(D)R} =z L{P D(R) }-{P D(R) } t=0 

=EM -EM = O 

we h.ave P(D)Q=0. In other words: 

Each coluimn vector of the mxm matrix Q is a soluttion oJ the associated 
hzomogeneous vector differential equation P(D)u = 0. 

It follows that each column vector of the niatrices DQ, D2Q, is a 
solution of this homogeneous eqt ation Hence each columiin vector- 
of the mnatrix 

So = D4lQCo+Dr112QCi+ + QC.. _1. 

=DI'-RCo+ * 4D RC,,--, 
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is a solution of the associated homogeneous v ector differential equation 
Furthermore 

SO (+ 0) = D 7R(+ 0) CO+ +DR + 0) CG2_1 =El -R(+ 0) CG, 

and DSO(+O) = -DR(+()C,,; D2S(+O) =-D2R(+0O)GC, and so on. 

Similarly the mxm inatrix 

Si=D-2DQCO+... +QG-2 =D7'-1RCo+ +DRG-2 

is such that each of its column vrectors is a solution of the associated 
homogeneous differential equation and 

S3(+0) =-R(+O) C7,_1; DS1(+0) =E,n,-R(+O)C,,-DR(+O)Cl, 

D2S1( + 0) ==-DR(+0)GC,-D2R(+0)C,l_ and so on. Continuinig in 
this way we construct the matrices S3, *, ending with S,,1 = QCo anid 
we set up the vector 

y= r+Soy(+0)+SS Dy(+0)+ +S.-,D)n ly(+?) 

where r is the rest solution of the equationP(D)y=f. Sinceeachcolumn 
vector of the various matrices So, , S,-, is a solution of the hlomo- 
geneous equation P(D)u 0, y is a solutioni of the non-homogeneous 
equation P(D)y=f. Since r(+O)=R(+O) f(+O) (by virtue of the 
Principle of Superposition) the value of y at t = +0 is 

R(+O)f(+0) + {EMJ-R(+0)C, }Y(+0) 

-R (+0) CG,1Dy(+O) - -R(+O) C)CyD?y ( +O) =y(+O). 

(for' R(+0) {CGD "ly(+0)+ + +-Cny(+O) =R(+O)f(+0)) Continu- 
ing this argument we see tl-hat the vectorc 

y=r+Soy(+O) + * + S,_1D>'y(+0) 

is the solution of the vector differential equation P(D)y=f wrhich as- 
sumes, together with its derivatives uip to the (n-l)st inclusive, at 
t- +0 the (properly assigned) v\alues y(+ 0), Dy(+0), Dn-1y(+O). 

Note. When the vector differential equation is normal the initial 
values of R and of its derivatives up to the (n-1)st, inclusive, are zero 
while D1R(+0)=Co-'. It follows that 

So(+0)Em, DSo(+O)=O, , D l-So(+0)=O; 

Similarly Sj(+0)=0, DSj(+0)=Em, , D. 1S,(+0)= O 

S-1 ( + ) = O, ''',D St- 1 (i+ 0) = E,11. 
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Since, when the vector differential equation is nornmal, R(+O) = 0 each 
element of N(z) is a proper rational fractioin and 

L(Q) = L(DR) = zL(R) -R(+0) = zL(R) = N(z). 

In this case, then, it is easier to obtain Q directly by analyzing the 
elements of N(z) into simple fractions and then R follows from the 
relation ft 

R(t)= Q(r)d-r. 
a 0 

Since L(r) = N(z) L(f) the Principle of Superposition may be puLt, for a 
normal vector differential equation, in the form 

r = Q *f. 
Example 1. 

(D-l)x -2y=t 

-2x+(D-1)y=t 

Here n=1 and CO= [I 1] . Thus the vector differential equation is 

normal and x(+0), y(+O) may be assigned arbitrarily. Let US set 
x(+0)=2, y(+O)==4. We have 

P(2S) = [ -2 _1X ,det P() = z2-2z-3 = (z-3)(z+ 1) -2z-lJ 

r z-1 2 
(z 3)(z+ 1) (z3)(z +1) 

so that N(z) =P I(z) = 
2 z-1 

(z-3)(z-+1) (z-3)(z+1) 

1 + 1 1 1 
2(z-3) +2(z+1) 2(Z-3) 2(z+i) 

Since L(Q) = N(z) we have 

V 0e3t+le-t 1e3t+e-t } le3t_ le 
2 2e3+l_ 
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Since f=z(t,t) (by which we mean that f is the vector whose coordinates 
are t, t) we have Q(t-r)f(r) = v(e3't-T)T, e3( t-T) 7) so that 

rQ *f= f Q(t-r)f(r)dr 

=V ((1/9) e3t -(1/3)1_ 1/9Y (1/9)e3t- (113)t- 1/9). 

Since COGE2 the desired solution is obtained by adding to r the result 
of operating on v(2,4) by Q(t), namely, v(3e3te-t, 3e3t+et). Hence 

x = (28/9)e3t-e-t_(1/3)t-1/9; y =(28/9)e3t+e-t- (1/3)t- 1/9. 

Example 2. 
(2D - I)x+ (k3D -2)y = tel 

(2D+I)x+ (3D+2)y =te2t 

This is an abniormal first order vector differential equation since the 

matrix Co= 2 3 is singular. Since P(z)= 2z- 1 3z-2] we have 
~2 3J 2z+1I 3z+ 21 ehv 

det P(z)= 2z and so 

0 3 l 3 l1 

2 z ~~2 z 
N(z) =P-1(z) = 

-1l- 1 - 2 
2z 2z 

(3 1 3 

Hence L(R)= N(z) 2z?z2 - _ _ 2 
z _~1 _ 1 1_ 1 

z 2z2 z 2z.2 

r 3 

so that R(t) 

-1-S 1- 1 t 2 2 

Hence Q(t) = . Since R(+O)= 2 2 
2 2j 

http://www.jstor.org/page/info/about/policies/terms.jsp


134 IMIATHEMATICS IMAGAZINE 

(= -2] we have R(+0)Cl= ( 2 so that the initial 

values x(+0), y(+0) of x and y must satisfy the relation -3x(+O) 
-6y(+O) = 0 or, equivalently, x(+0) +2y(+O)=0. Since Q(t -r)f(r) 
=v(T(er+ e2r), -1 T (er+ e2r) ) we have 

5 ~ ~ 15 1 1 Q *f= V + e t(t-1)+ - e2l(2t- 1), - - -et(t-1)--e2t (2t 
4 4 8~~~~ 2 8 

Hence r=R(+O)f+Q *,f 

5 1 ~~~15 1 11 
=v ( l +2t(5t-2)- e21(4t+1), - ---et(3t- 1)+-e 2t(61+1). 

4 2 4 8 2'8 

Since Q(t)Co=(_2 
4 3 the general solution is obtained by add 

ing v(4x(+O)+6y(+O), -2x(+O)-3y(+O).) to r(t). Taking into ac- 
count the relation connecting x(+0) and y(+0) we find 

5 1 1 
x = 5 +-et(5t -2) - e et(4t+ I) +n(+ 0); 4 2 4 

5 1 1 
y= -5---et(3t-1))+-e 2 t(6+1)y(-+O). 8 2 8 

Note. In this example f(+O) 0 so that, even thotulgh R(+0)$0, 
r(+0) =0 since r(+0)=R(+ 0) f(+0). Hence y is found by adding 
v(x(+O), y(+O) to r. 

Exnample 3. 
(2D2-D+9)x - (D 2+D+3)y= 0 

(2D2+D+7)x - (D2-D+5)y = 0. 

Here 2 I so that the second order vector differential equa- Co= 2 
22 +9-(2++3 

tion is abnormal. P(z) - L2Z2+z+7 - (z2-z+5) J 
det P(z) = 6z3-6z2+ 24z-24 = 6(z- 1)(z2+4). Hence 

_(z2-z+5) z2+z+3 

1 (z-1)(z2+4) (z_1)(z2+4) 
N(z) = P- 1(z) = 

6 ~ j-2z22z+7) 2z2-z+9 

(Z - 1 ) (Z2+4 (Z -C 1) (Z +4)d 
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1 2 2+4 z-1 a2+4 z I 
6 1 2 1 2 

z2+4 z-1 Z2+4 z-1 

Since each element of N(z) is a proper rational fraction we have 
R(+0) =0, 

since N(z) R(+0)+ 0) + ,and so L(Q) N(z). 
2 

sin 2t-et - sin2t+et 2 2' 
Hence 2(t)= 

sin 2t-2e' --sin 2t+2e0 

andso (cos2t-l)-(el-1) -- (cos2t-1)+et-1 

R(t) =- 1 
6 1 (cos2t-1)- 2(e-1) 2(cos2t-1)+2(et-1) 4 ~~~~~~2 

Since 

D R(+?) =Q(+?)= -2 20 C1= I I C2 = (7 - 5, 

we have D R(+0) Ci= 4 , D R(+0) C2= K 4 _ Hence 

x(+O), y(+O), Dx(+0), Dy(+O) are connected by the relation 

-2x(+0) -2y(+0) +2Dx(+-0)+2Dy(+0) = 0 

or, equivalently, 

x(+0) +y(+O) -Dx(+0) -Dy(+0) = 0. 

Since f is the zero vector, r(t) is the zero vector. Again 

2 sin 2t -sin 2t' 
QC= 6 l-2 sin 2t sin 2t 
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DQ= 1 (cos 2tc' cos 21-ket 
6 - cos 2t - 2e' -COS 21+2e 

F 

DQCo=- 4 cos 2t -2 cos 2t) QC,- 24e' 2et 
6(.4cos21 -2cos 213 6 e 4eJ 

1 2 cos 2t+e' -cos 2t+et" 
3 - 2 cos 2t+ 2e' cos 2t+ 2etJ 

Hence x(t) =-{ (2 cos 2t e') x(+ O) + (et'-cos 2t)y( + 0) 
3 

+ - {2 sin 21 Dx(+O) -sin 21 Dy(+O) }; 6' 

y(t) - (2e'-2 cos 2t)x(+0)+(2et+cos 2t)y(+O0) 3 

+-{ -2 sin 2t D x(+O)+sin 2t D y(+ 0)}. 6 

5. The determinationi of functions from their Laplace Tranasforms. 
It is necessary for the solution of problems by the mlethod of Operational 
Calculus to be able to determine the ftunction f(t) whose Laplace Trans- 
form (,z) =L{f(t) } is in otur possession. The following theorem is tise- 
ful in this connection: 

Let o(z) be anZ analytic function and let a be a complex number (whose 
real part is positi.ve) wevhich is such that Zaq(Z) is analytic at z= co so that, 
near Z= o, 

1 Cn 

0 

Then the pow7er series E c conZverges for every t and the func- 
P (n +a) 

?? C,tn 
lion f(t) =ta- 1 c ct +>0 

F(n+a) 

has, at points z whose real parts are sufficiently large, (p(z) for its Laplace 
Transform (r(p) being the Gamm-rna function which is defined by the 
formula 
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(P)= f e ttP1dt, R(p)>O. Thus r(p+1)-p r(p)). 
J n 

A proof of this theorem may be found in the book referred to in 
footnote'. 

On setting a we obtain the following special case of the theorem 
just given: 

The function of which 1 c+-+ 2 + . the2LaplaceTrans 
Z2 z Z2 

form is f(t)= ?C+ c/2 +1/2 t2+ 
INDt' ~ 1/2 1/2. 3/2 

In partictular L c = e______ e- 

Again, on developing (1+z2)- near z= co we obtain 

L{Jo(t)}= (I+=2)2 

where Jo(t) is the familiar Bessel function of the first kind of zero order. 
Simnilarly on developing 

1 
Z(1 + Z2)12 

near z = we find that 

1 
L (erf t') =.(1 + Z2) 

where erf x is the error fnzction defined by 

erf x= 2 f e-t dt. 
r 

e-ll2 On developing near s= o 'we find that 
z 

L{ Jo(2t')} t 
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anid siiiiilarly we obtain tlhe more genieral result 

C-l/z 
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COLLEGIATE ARTICLEIS 

Original Papers Whose Reading Does Not Presuppose 
Graduate Training 

A Novel Algorithm at the Freshman Level 
1is, GER ALD B. IU FF 

Sou1th1ern, Alethodist University 

Int,roduction. It is a tedious task to tabulate the values of a poly- 
noi-nial such as 

(1) 2x'-4-xc3-Ox2+11x+7 

by tsing juist the Reniainuder Theorelm. and synthetic division. The 
following al-orithm-i avoids tlhe copying and recopying,- of the coefficients 
anld the determ-nining, of unused quoEient coefficients. 

Having determnied -2 as a lower limi-it to the zeros of the poly- 
nom-ial (1), the work indicated below is performiied: 
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2 -4 -10 11 7 
(2) -4 16 - 12 2 

2 -8 6 -1 9 -2 
-2 10 -16 

2 -:10 16 -17 -1 
0 0 

2 - 10 16 0 
2 

2 -8 1 

The reader will observe that the polynomial was divided by x - (-2), 
the quotient by x-(-1), etc., until the operation reachedl a natural 
conclusion. The work is contintued as shown below: 

9 -2 
(3) -17 

-17 -8 -1 
32 15 

16 15 7 0 
-24 -16 -:1 

11 -8 -8 -:1 6 1 
8 0 -16 -17 

2 0 -8 -17 -11 2 
8 24 32 15 

2 8 16 15 4 3 

In this process the rows opposite -2, -1, 0, 1,. are comiptuted from 
the top down by multiplying the elntry below the coefficient of x. by k 
anid adding the result to the entry in the row above and the next columnii 
to the right. The numbers 9, -8, 7, 6,, which occupy the positions 
of remainders in synthetic division, are the values of the polynomial at 
-2, -:1, 0, 1, . There is an instantaneous check at x = 0, and a 
check by the usual method at x = 3 checks that value and also inldicates 
that the intermnediate values are correct. 

The writer has found this algorithm-- usefuil as beait to be thrown 
to promising undergraduiates. It is apt to lead them to ideas not en- 
couintered in the usual cotirses and yet well withiln their reach. The 
following parago-raphs give one explanation of the alg'-orithm and indicate 
its conlnection with fanmiliar problems. 

1. The construction of the algorithm. In forimial work in the ele- 
mentary calculus of finite differences, the polynomial x(x -1) + (x -n 1) 
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plays an important role and is designated by [x I. The usefulness of 
the symabol [x ]I stems from the relation 

( 1 X 1)I\ n [X In-1 

where Af(x)=f(x+1,) -f(x). To change a given polynomial 

(1 .2) f(x) =-a oXn+a Xn1+.. +a,_-lx+an 

to the form 

(1 .3) bo[x-ac ]+b [x-a I7-'++ +bn_l [x -a ]+bn 

note that bn, is the remainder when f(x) is divided by x--a and the quo- 
tient qn1 (x) is bo[x-a+i] -1+bi[x-a+I In-+ +b,,-1. Thus bn1 is 
the remainder when q.,,(x) is divided by x-a+1 and all the numbers 
bn-2, bn-3i , bo may be so determined.*' 

(1 .4) The polynomial aoXn +alxl1-+ +a7_-lx+a, may be pitt in the 
form bo[x-aIn +bl[x-a] 1l1+ +bn_l[x]+bn by the algorithm: 

aO a, an-, an 
aqo .aqn-2 aq.1 

q O ql .. * n-lI bn a 

(a+ 1)qo * * (a+ 1)q'n-2 

qo ql b-n-I 

The numerical work (2) in the introduction has the effect of estab- 
lishing the identity 

2x'- 11x3X1OX2+ 11x+7 

-2[x+2]41+1x+2]3+16 [x+2 2 -17[x+2]+9. 

The completing of the algorithm as carried out in (3) of the introduction 
is now easily explained. 

Forf(x) in the form (1.3), Af(x) is given by 

Af (xS)-nbo[x -a In-, + (n-_l)bj [x -af In-2+ +b_ 

and f(x+ 1)=f(x) +Af(x) =bo[x-a 1"+ (bl+nbo) [x -a_ -'+ 

+ (bn-+abn-2) [x -a I+ (bn+bn-1). 

Hence, setting x=x-1, 

(1 .5) f(x) = bo[x-a+1 ]n+(bl+nbo) [x-a+ 1 ]n1l+ * 

+ (bn,1+2bn-2) [x - a+ 1 + (bn+bn_). 

*Whittaker and Robinson "The Calculus of Observationis", Chap. I. 
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This miieanis that if f(x) is in the form (1.3) for a given a, it m-ay be put 
in the sam--e form for a= a+l by the equations: 

bo=bo; bi=bl+nbo; bn,-1=b,_j+2bn-_2; b?,=bn+bl--,. 

Inspection of (3) of the introduction now shows that 2x'-4x'310SX2 
+ l tx+ 7 was put successively in the form (1 . 3) for a=- 2, -1,0,1, 
The coefficients of tlhese forms must be read diagonally from lower left 
to upper right and the last coefficient, bn,, must in each case bef(a). 

2. An inverse of the algorithm 1.4. We will say a polynomial is in 
the a-form if it is in the form (1. 2) and in the b-form if it is in the 
form. (1. 3) with a =O. Tle algorithm (1 .4) with a = O provides a nethod 
for going from the a-form to the b-form. What about an algorithm 
for going froml- the b-form to the a-forin? 

To set this up in a simple manner seems to require the following 
lemma: 

(2. 1) If the nunmbers Bo, B1 * *, Bk-l, Bk are given in the identity 

Bo[x-1 ]k +B[x -1 ]k1-+ +Bk.1[X1 ]+Bk 
=bo[x]?+bl[x]k +bk-..X.+bk 

the numbers bo,b1, ,bk1l,bk may be computed by 

Bo B1 ... B1l Bk 

-kbo . .. -2bk-2 -bk-1 

bo b1 ... bk-1 bk 

Setting a = 0 and n k in the identity (1 . 5) yields 

bo[x ]k+ b[x] ]k-l1+ +bk-l [xl]+b 
--bo[x-I1 ]k+ (b, + kbo) [x -I ]k-l+ + (b-l +2bk-2) [X-I ]+ (bk+bk-1). 

Thus the identity (2.1) is equivalent to the equLations 

B0=bo; Bl=bl+kbo; ; B-1- =bk + 2bk-2; B,,=bk,+bk-,, 

or 

bo=Bo; bl=B1-kbo; .;. b,l = Bk-l-2b,-2; be, = Bk--b,. 

The algorithm is merely a schematic solution of this system. 
Now consider the problemi of determining the nunmbers a, 

a,-,,, a,, aO from the identity 

(2 . 2) b o[x ]?z + bl [x ]n-1+ * * * + bn-I [X ]+ b,a 
=--aoxn+ alxlz-'+ +a.,,_i,x+a,. 

http://www.jstor.org/page/info/about/policies/terms.jsp


142 MATHEMATICS MIAGAZINE 

Clearly a,,=bn. Cancelling these and dividing both sides by x yields 
bo[x-1l1-1+bi[x-11],-2+ * *+bl-ai=aoxnl+xa+xa 2+ *+an-l Now 
by the algorithm of (2. 1) this may be rewritten 

bojx[]1`-1+bi' [xc ]n.-2+ * - +bl n_l-= aox?- 1 + ailX-+ I + + +a., 

Thus a,,-= b'?11 and there results a new identity 

bo[x- 1 ] -?+bi [x-1 ] -3+ +b',,-2_aox2+aX -3+ .+afl-2 

which nmay be transformed by (2. 1) into 

b01' [x ]1-2+ b11 [x ]n-3+ . + b"1_2 -aOx"- 2+a zXn3+ +an-2. 
Thus an-2=b"n-2 and this process nmay be continued. 

(2 . 3) The algorithm for going from the b-form to the a-form is 

b o bi bn-2 bn-I b7l =a. 
b (n-l)bo0 j2bIn-3 b/n-2 

bo bl . b n-2 bn-1 =a,-, 
- (n - 2)bol - b"In.3 

bo/ billb| b?C.2=a,,-2 

For exaniple, [x ]+ 15[x ]4+65[x ]3+90[x ]2+31 [x ]+ 1 is coverted into 
x5+ 5x4+ 10X3+ lOx2+ 5x + 1 by 

1 15 65 90 31 1 
1 11 32 26 5 
1 8 16 10 
1 6 10 
1 5 

Here, and in later numerical examples, the intermediate rows are de- 
leted. 

3. Two applications. The sumi, of a finite series whose general 
term is a polynomial. 

The formal relation A[x 1"=n[x]- 1 ineans that a polynomial in the 
b-form may be summed easily. Consider the sum defined for any posi- 
tive integer x: 

x 

(3.1) S(x)- E J(i). 
i=l 

Clearly AS(x)=f(x+l) and f(x+l) may be put in the b-formn by 
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the algorithm (1 .4). From f(x+ 1) = bo[x ]n+bl [x ]-'+ +bnl[x ]?+ b, 
we conclude that 

S(x) = bo[x ]"+1/(n+ 1) +bj [x ]n/i+ . +bn-1 [X ]2/2+b,,[x ]+c. 

Since S(1) = (1) = bn, we conclutde that c= 0 and 

(3.2) ~~~~bo[xII~'+' bi [x]n_ bn____X__2 (3.2) SW ) - xt+ + b[l + + bn ,+] +b, [x 

It would be easy in a nutmerical case to use the algorithm (2.3) to 
put the result in the usual a-form. 

Undergraduates are frequently fascinated by formulas for the sums 
of the power of the integers from 1 to n. A particular case of such a 
problem is worked out below by the method outlined above. 

n 

f71 SA6(n) i5 

AS<D(n)=n5+ 5n4+j1On3+jlOn2+ 5ni+ 1 
= [n]5+15[n ]4+65[n]-+90[n ]2+31 [n ]+ 1. 

S5() = _3n6 ]5+ 65[n +30[n ]3+ 
31 [n]2 

6 4 3 + 2 +n 

- 12 (2 [n ]6+ 36 [n ]5+ 195 [n ]4+360[n ]3+186 [n ]2+ 12 [n]) 

12 

= (2n6+6n5+5iz4-gn2) 12 

1 5 10 10 5 1 
1 6 16 26 3 1 
1 8 32 90 
1 1 1 65 
1 15 

2 36 195 360 186 12 0 
2 26 91 87 12 0 
2 18 37 13 3 1 
2 12 13 0 
2 8 5 
2 6 
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Interpolation. The algorithmz of (2) and (3) in the introduction 
enables one to compute the valtues of a polynomial f (x) at a set of evenly 
spaced values of x. If on the other hand, the values of a polynomial of 
degree n are given at n+1 evenly spaced values, the coefficients of f(x) 
may be computed by reversing the operation. 

The algorithm for changinig from-- the b-formi to the a-formt fits in 
nicely with -the usual theory. If f(x) is represented by the Gregory- 
Newton formula 

(3.3) f ( ) /\nf(O) [x ]n+ A nf(?) [X Y9- + . .. /\(0) [x I +f (), ,n,! ~ (n -i)! 

where Anf(0) = [Anf(x) ] =o, theni the b-form of the polynomial is known, 
once the successive differences at zero are computed from a table of 
values. The a-form then follows easily by the algorithm (2.3). An 
example follows: 

Given the table of values f(x)=3,10,17,33,91 at x 0,1,2,3,4 the 
differences may be computed as below: 

3 10 17 33 91 
7 7 16 58 

0 9 42 
9 33 

24 

2 3 0 14 6 
2 -3 6 8 
2 7 13 
2 -7 

wheref(0), Af(0), are 3,7,0,9,24 

Thus f(x) 
24 

[x ]4+ 
9 [x ]3+ 7[x] 

4 ! 3 ! 1 ! 

= 2 (2[x ]4+3[x ]+ 14[x ]+6) 

2, (2x' -9x3+ 13x24 8x4 6). 
So uthern MAlethodist University. 
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CURRENT PAPERS AND BOOKS 
Edited by 

H. V. CRAIG 

This departmiient will present commllnenits on papers previously pub- 
lishedI in the MATHEMATICS M\'AGAZINE, lists of niew books, and boolc re- 
views. 

The purpose and policies of the first division of this department 
(Comments on Papers) derive directly from the major objective of the 
MATHEMATICS MIAGAZINE which is to encourage research anid the produc- 
tion of superior expository articles by providing the meanis for prompt 
publication. 

In order that errors may be correctecl, results extended, and interest- 
ing aspects furtlher illuminated, commenets on published papers in all de- 
partments are invited. Comminen-ts which express conclusionis at varianice 
with those of the paper under review should be subnmitted in duplicate. 
One copy will be sent to the author of the original article for rebuttal. 

Communications intended for this department should be addressed to 
H. V. CRAIG, Department of Applied Mathemnatics, 
University of Texas, Austin 12, Texas. 

Sequential Analysis of Statistical Data: Applications. Prepared by the Statistical 
Research Group, Columbia University for the Applied Mathematics Panel, National 
Defenise Research Committee, Office of Scientific Research and Development. Colum- 
bia University Press, New York, September, 1945. $6.25. 

This collection of seven stapled pamphlets in a ring binder deals with a new statis- 
tical technique, that of sequential analysis, introduced in 1943 by A. Wald for use in 
war research. An earlier ''Restricted" edition for limited circulation preceded this 
printing and has, no doubt, served to reduce errors and misprints common to photo- 
graphed typewritten copy. 

No attempt is made to present details of the mathematical theory. Indeed, in 
the appendix which is mathematical in nature the following statement occuirs: "This 
appendix covers only a small part of the theory covered in SRG 75, and that part is 
covered briefly and intuitively. Any mathematician who may stray into this Appendix 
should be assured that the validity of the conclusions in no case depends upon the 
type of reasoning presented here." By way of explanation, SRG 75 is Statistical 
Research Group report rnumber 75, Sequential Analysis of Statisticat Data: Theory by 
A. Wald, September, 1943. A inore accessible paper for the general reader is Wvald's 
paper, ''Sequestial Tests of Statistical Hypotheses, " Annals of Mathematical Statistics 
Vol. 16 (1945) part 2. The mathematician is therefore urged to read this pa'per acin 
similar research articles for proofs. 

The style is such that users who are neither experts in mathematics nor statistics 
can apply the methods developed to any onie of the specific applications described. 
Thus, the second pamphlet deals witlh a biniomial distribution. Suppose, for example, 
that a group or lot of a particular type product is being examnined to see if it is a good 
or a bad lot. In maniy cases, the test imiight be destr-uctive to an individual itemi, or 
even if non-destructive too costly to apply to each individual itemll. Prior to the in- 
vention of sequential analysis it was customar-y to select a sample of size N, test these 
N itemis, and then either accept or reject the lot from which the sample was drawn. 

In sequential analysis, the following procedure is used: After each observation, 
one of the following three steps is taken: 

(1) the lot is accepted, or 
(2) the lot is rejected, or 
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(3) judgmiienit is deferred and another observation is miiade. The nature of the 
theory is such that good lots are quickly accepted, i. e. alternative (1) can be accepted 
before N trials which would have been necessary under the old procedure, bad lots are 
quickly rejected, but border-line lots still require extensive testing, perhaps more 
than N itemns. 

If the probability of rejecting a lot with pi proportion of bad items is a and if the 
probability of acceptinig a lot with P2 proportion of bad items is 0, then Wald found 
that the criteria for choices (1) and (2) above are 

___ __ __( _ 1-P) > lc (1) P1 d(1-p2)n-d > 
__ for acceptance, 

(2) < for rejectance, 

where n is the number of items tested to date aind d is the numiiber of bad items. Test- 
ing continues until one of these relations is satisfied. 

Both numerical and graphical procedures useful in keeping track of the progress 
of the test are explainecl, and tabular data and naomnographic charts with full explana- 
tions for their use are given. 

The remiioval of the ''Restricted" tag from this statistical problemn is a wselcomlle 
move and although the volume under i-eview is essentially non-mathemiatical, the 
related mathematical portions will enrich the literature of mathematical statistics. 

The University of Texas. ROBERT E. GREENWOOD. 

The Magic of Numlbers. E. T. Bell. New York: Whittlesey House, I\McGraw- 
Hill, 1946. X+418. (Frontispiece). $3.50. 

While colnsidering Pythagoras' numerology Bell repeatedly asks the question 
were numbers discovered or invented? The book doesn't reach a definitive answer to 
the question but the case for discovery seems more plausible after the r-eader has plowAed 
through the story and met oln the way such variant personalities asThales, the fabulous 
Empedocles, Pythagoras and his Brotherhood, Plato, Dante, Bacon, Galileo, Newton, 
Berkeley, Saccheri, Lobachewsky and Kant. Integrated all this forms a background 
for the controversy generated by Sir Arthur Eddington from his claim that the funda- 
mental physical laws can be deduced in an epistemological maniner without recourse to 
observation or experiment. This controversy receives only limited space in the last 
chapter but deserves miiuch imiore. Being in the foundations of physical scienice it is 
of transcendent imipor-tanice in this atomic age. 

A highlight of the book is the passage where Bell considers an infant subjectively 
learning Boolean algehra in the relation I and not -I. The book is written so only 
ordinary arithmetic is prerequisite to its reading, the mathematics of the book being 
limited to the heginniings of the tlheory of numhibers wlhile touching upon formial logic 
and non-euclidean geomnetry. 

For reference while reaclinig t;he hook it is wvell to have RUn1es' Dictionary of Philoso- 
phy on hand'. Helpful hackground iniforlmiation oln almiaost everytlhing from Absolute 
to Zeno is thus availahle andcl Alolnzo Church's formal logic definitions are outstanding. 

For more iniformation on Eddington's ideas on epistemology one should consult 
The Philosophy of Physical Science, 1939. 

Colorado Springs, Colorado. DUANE STUDLEIY. 
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HISTORY AND HUMANISM 
Edited by 

G. \\ALDO DUNNINGTON and A. W. RIcHESON 

Papers oi1 the history of MathIem11atics per se, the part it lias plaved 
in the development of our present civilization and its relation to other 
scieinces and professions are desirotus for this departlmient. 

A French Mathemcticiain of the Sixteenth 
Century 

Jacques Peletier (1517-1582). 
I)v V. THEBAULT 

Te-tnizic (Sartie) France 

Biography. Jacques Peletier, French writer, poet and 1mnathemati- 
cian, was born at Le Mans, July 25, 1517. He was sent at an early age 
to Paris and there he attended Navarre colleoe, where his brother Jean 
taught philosophy. Soon after leaving college he prepared to become a 
teacher. In 1544 he obtained througlh the influence of the bishop of 
Le Mans,Rene dtu Bellay, the position of tutor of mathematics at the 
college of Baye7ux. Three years later, in 1547, lhe was at the head of 
this school, when he delivered froimn the pDuplit of Notce Dame the funeral 
oration of Henry VIII of England. This event seenmis to lhave been a 
turning point in his life. 

Thle restlessness of Peletier proml.pted hiim. to resign, in order to go 
to live in the h-ouse of the printer, Vascosan, where he conceived the 
curious project of reforming spelling according to pronunciation.* This 
forml.s the subject nmatter of his Dialoguie on French Spelling and Pro- 
nzinciation, in twNo volumes. 

Peletier had scarcely completed this work wlhen lie became deeply 
interested in medicine, wlhich he went to study in Poitiers in 1550. Ho 
stayed successively in Bordeaux, Lyon and Rome. He then seenmed to 
be tired of wandering, and settled down a while in Paris, where he re- 
ceived his Licentiate in medicine. The turnmoil of tlhe Wars of Religion 
again took him away from Paris. After a long stay at Annecy, Savoy, 
he returned to Paris in 1578 to becolme the head of the college of Le Mans. 

Since he liad always reimiained faithful to the Church of Rome, in 
an era whein religious differ-ences nm.enanced Frenclh national unity, the 
Faith that he had inherited froim famnily tradition catised him, toward 
the end of hiis life, to lithinbly iimiplore divine aid in conteim.plating the 

*Dialogiie de I Ortlhografe e Pronon.ciation fraiicoese. Ml alrnief, Poitiers, 1550. 
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eternlal laws which govern numl.bers and figures. It is in his beloved 
geometric laniguage that he phrased his last prayer: 

Thou, One, All Infinite, Thou the Circle and the Cenlter, 
WVhence comes every line, where every line returns, 
Make me end in Thee, I, who in Thee began. 

Peletier died in Paris in July, 1582. 

The Matheimatical WVork of Peletier. To understand the meaning of 
the first nl.athematical work published by Peletier we must take into 
account the extremi.e poverty of Western thought in the dom.ain of the 
exact sciences uip to the sixteenth century. After the fall of the Western 
Empire all that remained of the science of Euclid, Archiml-edes and ap- 
pollonius consisted of meager summnnaries, simple enumerations of the 
most elenmentary rules transmitted by Boece and Cassiodore. Arithmetic 
and geomretry were reduced to statenm).ents coverilng a few applications. 
Writers on the subject of algebra, which had come froiml India by way 
of the Arabs, were reluctant to solve problemis in a general manner; 
they repeated the reasoning for each particular problem. Furthermore, 
no symbolism had beenl adopted which permitted a common treatment 
of all numnbers, positive or negative, integers or fractions, real or complex. 

From 1515 on, the wars in Italy had brought French scientists into 
contact with the stuiclents of the learned Greeks who, chased from 
Byzantium sixty years before by the Turks, had fled to Sicily and had 
gone little by little toward the North, bringing with theiml the texts of 
the great mathemiaticians of the Alexandrian period. It is difficult to 
depict the astonishmbelnt of European.s upon reading such majestic and 
clear monuments of pure logic as are, for inistance, the Elemewnts of 
Euclid, the Conics of Appollonius and the Treatise on Spirals of Archi- 
medes. Thus Peletier, who doubtless had never known of the existence 
of such treatises before his ar:rival in Paris, gave himself nio respite until 
he had learned Greek by himself (Greek was niot taught in the schools of 
France until 1532) and had read the original texts. 

For the study and teaching of arithm.etic he had at his disposal 
only the manual published several years before by Gemme of Friesland, 
professor at the University of Louvain. He corrected many of the errors 
which abounded in the original edition, and, encouraged by his students, 
published in 1545 a first Latin edition. Its success was considerable, for, 
a rare event for this period, Peletier's Arithmetic was reprinted, without 
change, but in French, at Poitiers in 1548 and 1552, at Lyon in 1554 and 
1570, in Latin in 1563, and finally in Italian in 1567. 

During this tirne Peletier undertook the study of algebra. Proba- 
bly he was the first in France to publish a treatise in algebra, in 1554 
inaugurating the use of literal symnbols, which were later made popularly 
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Vibete. He showed that quadratic equations admiit niot onie, but two 
roots, whose product equals the constant termA. This was extended later 
by Viete to cubic equations and by Harriot to equations of arbitr-ary 
degree. Also he carried over to biquadratic equations what he had 
proved for quadratic equations. 

By publishing his Algebra Peletier became a leader and a popu- 
larizer, but in spite of the clarity of his exposition he was unable to over- 
come the hostility brought upon him by his use of the French language. 
But he was of peaceful temperament, and the only revenge he took was 
to translate the second edition of his Algebra (1560) into Latin, with the 
ironical title, De occrut a parte numerorum qitan; Algebram vocant. 

After 1554 Peletier, without neglecting the new editions of his 
w^Torks, devoted himself more and more to consolidating the theory. At 
the same tim.e his enthusiasm for Greek mathematics began to wane 
After Cardan had called his attention to flaws in the majestic edifice 
of Euclid's Elements, he examined closely the foundations of geometry, 
and believed, quite some time before Lobachewsky and Riemann, that 
he had discovered defects. 

Peletier reduced to two the paralogismis and contradictions which 
1he believed he had found in Euclid's Elements, at that time the holy 
book of mathematicians. The first referred to the proof of the congru- 
ence of figures by superposition and the second to the magnitude of the 
angle formaied by a curved linie and its tangent. For the first question he 
let him-lself be convinced by Jean Butheon or Borel. But for the second 
question he miiaintained his position. 

In the thirteenth proposition of the third book of his Elements' 
Euclid considers the figure formed by a circcle and one of its tangent 
lines. By analogy with the angle formed by two intersecting straight 
lines, he considers the angle of contingence and shows that it is smaller 
than any assignable angle. 

Peletier states: "When I examiined this propositioni more care- 
fully, it s,uddenly appeared to me that geometry could not be satisfied 
with it without adm.itting inconsistency. First, we can not suippose that 
there can exist a quantity smaller than all others, as this angle of con- 
tingence or contact would be, for quantity is what is form-ned of parts, 
and it is only with respect to quantity that things are said to be equal or 
unequal. On the other hand, continuous quantities are indefinitely 
divisible. This is why it seems to 1mne impossible to reconcile what is 
said here about the angle of contingence with the first proposition of the 
tenth book." 

However, the disturbance stirred up by these discussions as to the 
angle of contingen-ce kept increasing. Clavius of Bamberg, a noted 
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astronomer, had just published in Rome a treatise on geometry in which 
he described the ideas of Peletier as sophisms and hallucinations. Pele- 
tier's answer only served to spread controversy, as the whole Jesuit 
order backed Clavius, himself a Jesuit. It was to last long after Peletier's 
(leath and maybe it would still be going on if Newton himself had not 
definitely settled the argument in favor of Peletier by calling attention 
t-o the possibility of variation of curvature near the point of contact. 

This controversy caused Peleties, just a few imionths before his 
death, to write a slhort 14-page memoir entitled De contactu Linearum, 
of which onlv one copy remnain-s. But this work, by the precision of its 
definitions, the clarity of its reasoning, its careful and well ordered ex- 
position, belonged already to the Cartesian era, fifty years ahead of 
contemrporaneous mathematicians. 

Peletier, who had understood perfectly the core of the difficulty, 
analyzed at length the notion of angle. He called attention first to the 
tact that since geometry is the science of magnitudes it can have no 
other object than the study of quantity. Since angles properly belong 
to it, angles must be measurable quantities. Their measure can be 
sought neither in the length of the sides, which can be extended without 
changing the angle nor in the area included between the sides, since 
this area is either unbounded or is that of a triangle if a suitable third 
line is drawn. The magnitude of an angle must exist at the vertex 
itself and it wTill be smaller the more nearly the sides coincide. 

Going from this to the notion of contact Peletier notes that the 
angles formied by homologous sides of two similar figures a-re equal. It 
follows that angles of contingence, at least those that circles of different 
radii form with a comimmon tangent line, can not have different magni- 
tudes. Therefore angles of contact are not quantities and cannot, 
whatever Euclid nm.ay have said, be comipared to angles formed by 
intersecting lines. 

In conclusion let us cite the following lines written by Abbe M. 
Thureau in his book entitled Jacq'tes Peletier, Sixteenth Century Mathe- 
matician of Le Mans, 1934: " In all the abundant scientific literature of 
the Rennaissance I do not know of a single work which even nearly 
approximates Peletier's De contactut linearzum, a masterpiece incon- 
testably worthy of appearing in an anthology of mathematics if, as I 
hope, one is ever published." 

NOTE: In the time of provincial France the city of Le Mans, the capital of the 
province of Maine situated in the west of France, was the birthplace of another illus- 
trious mathematiciain, the Reverend Marin Mersenne, born September 8, 1588 in a 
town only a little distance fromn Le Mans. He died in Paris, in the convent of the 
Minimes, on rue Royale, September 1, 1648, in the presence of his friend Gassendi. He 
was permanent secretary of the Academy of Sciences at its beginning. His life and 
works are well know rn. 

Translated by Miss Marie Edith Byrne. 
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TEACHING OF MATHEMATICS 
Edited by 

JOSEPH SEIDLIN, L. J. ADAMS and C. N. SHUSTER 

This department is devoted to the teaching of mathematics. Thus 
articles on methodology, exposition, curriculum, tests and measurements, 
and any other topic related to teaching, are invited. Papers on aily sub- 
ject in which you, as a teacher, are interested, or questions which you 
would like others to discuss, should be sent to JOSEPH SEIDLIN, Alfred Uni- 
versity, Alfred, News; York. 

Proofs of the Fundamental Theorems of 
Spherical Trigonometry 

by C. E. CLARK 

This note presents derivations of some fundairental formulas for 
the spherical triangle. The derivations are shorter and simpler than 
those found in the textbooks. Furthermore, the first proof enables a 
teacher to present the essential applications of spherical trigononetry 
after less than one lecture on the spherical triangle. The formulas 
derived are the law of cosines for sides, the law of sines, the law of 
cosines for angles, and Napier's rules. The derivations are shorter 
and simpler than those given in the textbooks for the following reasons. 
The use of solid geometry including the theory of the polar triangle is 
avoided. The only formulas from plane trigonomnetry used are the law 
of cosines, the reciprocal relations, and the Pythagorean relations. In 
no case is a proof divided into two or more cases depending upon the 
quadrants of the angles involved. Another important feature of the 
discussion is that it presents a brief course in spherical trigono-rretry. 
This brief course arises fronm the fact that the first derivation is for the 
law of cosines for sides. This law alone will handle applications of 
spherical trigonometry to the terrestrial and celestrial spheres. 

To derive the law of cosines for sides we denote the sides of a spheri- 
cal triangle as well as their measures by a, b, and c. The 
opposite vertices and their mneasures are A, B, and C, respectively. 
The center of the sphere is 0. A plane is constructed perpendicular 
to OA. This plane meets OA, OB, and OC in the distinct points, .P, Q, 
and R, respectively. Application of the law of cosines for plane tri- 
angles to the triangles PQR and OQR gives the equation 

(PQ) 2-+ (PR) 2- 2(PQ) (PR) cos A = (OQ) 2+ (OR) - 2(OQ) (OR)cos a. 
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If no side or angle of the spherical triangle has the measure 90?, the 
lengths PQ, PR, OQ, and OR al-e replaced by OP tan c, OP tan b, OP sec c, 
and OP sec b, respectively. A simple redtuction gives the law of cosines 
in the form 

(1) cosa=cosb cosc+sin b sinc cosA. 

That this relation still holds when a measuremnent is 900 is clear on the 
grounds of continuity. This law of cosines gives three independent 
equations which will solve anly spherical triangie. In some cases the 
solution would be long, and the elimination of extraneous solutions 
wotild be tedious. However, when three sides or two sides and the 
included angie are given, another measurement can be found readily 
by the law of cosines. These cases cover several of the significant appli- 
cations. Examples of such applications are the problem of finding 
distance and bearing when the latitude and longitude of two points on 
the earth's surface are given, and the problem of finding the time when 
the latitude of an observer, altitude of the sun, and declination of the 
sun are given. 

We turn next to the law of sines. A geometric derivation resem- 
bling the above derivation of the law of cosines is given in the Exicyclo- 
paedia Britannica, 14th edition, volume 22, p. 474. This encyclopaedia 
article uses a few results from solid geometry and is not quite as simple 
as the above derivation of the law of cosines. However, it may be 
preferred to the analytic derivation which we now present. For refer- 
ence, we write the following two statements of the law of cosines: 

(2) cos b=cos c cos a+sin c sin a cos B, 

(3) cos c=cos a cos b+sin a sin b cos C. 

Multiplication of both sides of (1) and (2) by cos a and cos b, respective- 
ly, and subtraction gives the equation 

(4) cos2a-cos2b.= (sin b cos a cos A -sin a cos b cos B)sin c. 

Similarly, multiplication of (1) and (2) by sin a cos B and sin b cos A, 
respectively, leads to the equation 

(5) sin a cos a cos B-sin b cos b cos A 
= (sin a cos b cos B-cos a sin b cos A)cos c. 

Squaring both sides of (41) and (5), adding, and cancelling one terin 
from each side of the resulting equation, we get the equation 
(cos2a - cos2b) 2+ sin2a COs2a cos2B+ sin2b cos2b cos2A 

=sin2b cos2a cos2A+sin2a cos2b Cos2B. 
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This equation can be written 

(cos2a-CoS2b)2+Sijj2a cos2B(cos2a-cos2b) 

- sin2b cos2A (cos2a- cos2b) = 0. 

Removing the common factor and changilng cosines into sines we obtain 
the equation 

sin2a si n2B = sin2b sin2A. 

Siince all angles involved are between 00 and 1800, we obtain the law 
of sines. 

The law of cosines for angles can be obtained from the theory of 
the polar triangle. However, the geometry involved can be avoided 
by the following analytic proof. The law in qtuestion is that 

(6) cos C=cos A cos B+sin A sin B cos c. 

To show that this eqtuation is an iclentity, the law of sines is used to 
show that 

sin a sin b sin2C 
sin A sin B = 

sin2c 

sin a sin b (1 2C) 
sin2c 

This last expression is substituted in (6). In the resulting equation 
cos C, cos A, and cos B are replaced by the expressions obtained from 
(3), (1), and (2), respectively. Then obvious simplifications complete 
the proof that (6) is an identity. 

We can now obtain Napier's rules froml- the above results. From 
(6) we see that 

(7) cos A =-cos B cos C+sin B sin C cos a, 

(8) cos B--cos C cos A+sin C sin A cos b. 

Henceforth we assume that C = 90?. From (3) we see that cos c = cos a 
cos b. From (7) and (8) we get the relations cos A= sin B cos a and 
cos B =sin A cos b. From (6) we obtain the equation cos c;= cot A 
cot B. The law of sines gives the relations sin a=sin c sin A and sin b 
= sin c sin B. Using the relations already derived we see that 

sin a 
tan a= 

cos a 
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sin c sin A sin B 
cos A 

=sin b tan A. 

From symmetry we have that tan b =sin a tan B. Furthermore, 

sin a 
tan a= 

cos a 

tan b cos b 
tan B cos c 

sin b 
tan B cos c 

sin c sin B 
cos c tan B 

=tan c cos B. 

Symmetry gives the equation tan b =tan c cos A. Thus Napier's 
ten rules are derived. 

Napier's rules can be derived from the law of cosines for sides and 
the law of cosines for angles without use of the law of sines. Hence 
Napier's rules can be obtained by first proving the law of cosines for 
sides, next obtaining the law of cosines for angles by the theory of the 
polar triangle, and finally deriving the rules in the following way. Four 
of the ruies aie obtained as the first four above. Using these 
four results we have 

cos a-cos b cos c 
cos A = 

sin b sin c 

cos a;-cos a cos2b 
sin-b sin c 

cos a sin2b 
sin b sin c 

cos a sin b 
sin c 

cos c sin b 
cos b sin c 

=cot c tan b. 
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T'his gives the rule tanl b tan c cos A, anld uising syllmmlletry taln a tan c 
cos B. Next we have 

sin a = tal at cos (l 

taln c cos B cos A 
sin B 

=cot B tan b. 

This is the rutle tanl b=sin a tan B. From symmietry we have that 
tan a= sin b tan A. The retmaining two rules are obtained from the 
equalities 

sini a= taii b cot B 

i an b cos c 
cot A 

=tan c cos A cos c tan A 

=sin A sin c. 

Syniniiletry gives sini b =sin B sin c. 
Emory Untiversity. 
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PROBLEMS AND QUESTIONS 
Edited by 

C. G. JAEGER and H. J. HAMILTON 

This department will submit to its readers, for solution, problems 
vhich seem to be new, and subject-matter questions of all sorts for readers 
to answer or discuss, questions that may arise in study, research or in 
extra-academic applications. 

Contributions will be published with or without the proposer's signa- 
ture, according to the author's instructions. 

Although no solutions or answers will normally be published with 
the offerings, they should be sent to the editors when known. 

Send all proposals for this department to the Department of Mathe- 
matics, Pomona, College Claremont, California. 

SOL UTIONS 

Following is a solution to Problem No. 3 (Vol. XXI, No. 1, p. 58) 
proposed by Nev. R. Mind. 

Solution by Laurence A. Ringenberg, Charleston, Ill. 

To prove: If the medians of a triangle are proportional to the 
corresponding sides, the triangle is equilateral. 

C 

C , .cA 

Let AA'=a', BB'=b',CC'=c`: 

Given a : b : c =a' : b' : c'. It follows -that 
Cl b c 2a' 2b' 2c' a' b' c' 

A _ .f_.3 

2 22 3 3 <3 3 3 

Hence AAOB'/-ABOA' and a = a'. Similarly f=' and -y= y'. It fol- 
lows that a?o+ y=7r/2; a+f+,y'+ABO=ir; AB'O=7r/2. Similarly, 
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BA'O and BC'O are right angles. It follows that AAB'B-ACB'B and 
that <A = <C. Similarly <C=<B.- Thtus the triaingle is equi- 
angular and hence also equilateral. 

SoluLtion for Problem 4, proposed by Pedro A. Piza, San Juan, 
Puerto Rico: 

Solution by Paiul A. Clementt, University of California at Los 
Anigeles. 

Multiplying a1+b2=c2 by a2-b2, we get a4-b4-c2a2-c2b2, which 
gives the desired relation a4+c2b2-b4+c2a . Furtherm-.ore, c2b2+a4 
-C4--c2a2+a4=c4a2b2, and it can be noted that these relations are 
valid for the sides of any right triangle. 

Taking c=a+l, we find that each fun-ctioni considered above, wlen 
aulgmllented by 3 is factorable to an algebraic square: 

a2c2+b4+3 = a2c2+ (c2-a2) 2+3 

=a 2c2+ (c+a) 2+3 

=a2c2+2ac+l +c2+a 2+2 

(ac+1)2+2a2+2a+2+1 

= (aI+al) 2+2(a2+a+1) + 1 

-(a2+a+2) 2 

Since b and c are integers when a is, we have that a2c2+b4+3 is a perfect 
square when c=a+1. 

Also solved by H. E. Bowvie, Indian Orchard, Mass.; Lautrence A. 
Rinigenberg, Charleston, Ill.; Thomas Griselle, Hollywood, Cal. 

No. 600 (N. M. M.). Proposed by N. A. Conrt, University of Okla- 
hom.a. 

Three concurrent non-coplanar lines, bearing the equal segm-Xents 
SA, SB, SC, are cut in the points A', B', C' by a variable plane PA'B'C' 
passing through a fixed point P. Find the loctus of the points common 
to the three variable spheres having A', B', C' for centers and AA', 
BB', CC/, for radii 

I Solution by Howvard Eves, College of Puget Sound, Tacomiia, 
Washington 

Let i, v, w, r, s, t, p be position vectors of A, B, C, A', B', C', P 
respectively with respect to S as origin. Then we have 

x-n=v v=7ww=k, say, 
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where k is a scalar. Let x be the position vector of a point common to 
to the three spheres A'(A'A), B'(B'B), C'(C'C). Then, by the condi- 
tions of the problem, we must have 

(1) IP-r, P-S, p-ti =0, 

(2) xx-2xr=k-2u r, 

(3) xcx-2xcs=k-2vzs, 

(4) x x-2x t=k-2wvt, 

(5) r=au, s=bv, t=cwV, 

where a, b, c are scalars Substituting (5) in (2), (3), (4) and solving 
for a, b, c we find 

xx-k x x-k x.x-k 
(6) a= 

2(x u-k) ' 2(x v-k) Cc 2(x w-k) 

Substituting (5) and (6) in (1) we find, after expanding and then remov- 
ing the non-vanishing factor (x x - k) 2, 

(7) (x x I u,v,zv I -2x [ u jp,v,w I +v I u,p,w I +w l,v,pl ] 
+k[21p,v,zvl +21 u,p,zvl +I21u,v,pI - Iu,v,w] =0 

Thus the required locus is seen to be a sphere whose center and radius 
may readily be found from its equation (7). 

The analagous problem in euclidean n-space may be similarly 
solved, yielding an na-sphere for the required locus 

II Solution by Nev. R. Mind. 

The tangent planes a,,,y to the three variable spheres (A'), (B'), 
(C') at the fixed points A, B, C are also tangent, at those points, to the 
fixed spheres (S) having S for center and SA = SB = SC for radius, i. e., 
the three planes ale the radical planes of the pairs of spheres (S), (A)'; 
(S), (B'); (S), (C'), respectively. Thus the fixed point L=a,3y is the 
radical center of these four spheres, and their orthogonal sphere (L) is 
the fixed sphere having L for center and orthogonal to the fixed sphere (S). 

The radical axis of the three spheres (A'), (B'), (C') passes through 
the point L and fleets the three spheres in the same two points M, M', 
inverse with respect to the sphere (L). On the other hand, the points 
M, M' a e symmetrical with respect to the plane of centers A'B'C' of 
the three spheres, these points are therefore equidistant from the fixed 
point P through which the plane A'B'C' passes, by assumption. Thus 
.Al, Ml' lie on the sphere (P) having P for center and PM=PM' for 
radius, and the sphere (P) is orthogonal to (L). Now the fixed point P 
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is the center of only one sphere orthogonal to the fixed sphere (L), 
hence (P) is the locus of the points M, P'. 

BIBLIOGRAPHICAL NOTE. The corresponding question in the plane 
was considered in the Notvelies Annales de MatheImatiques, series 2, 
Vol. 17, 187S, p. 523, Q. 1286.-N. A. C. 

PROPOSALS 

13. Proposed by Ju>l'ius Sutmner Muller, Dillard University, New Or- 
leans, La. 

A uniform chain of length L and total mass M is held vertically 
with its lower end just touching a platform balance. The fixed upper 
end is released and the chain "accumulates" on the scale pan. What is 
the maximum reading of the balance? 

14. Proposed by A. K. Waltz, Clarkson College, Potsdarn, N. Y. 

The tangent of an angle, whose sides slide on two given circles, 
has constant magnitude. Determine and discuss the locus of its vertex. 

15. Proposed by Victor Thebautlt, Tennie, Sarthe, France. 

A rectangular segement EF of constant length slides on the 
diameter AB=2R of a semicircle (0). The perpendiculars to AB at E 
and F meet (0) at M and N. Show that the points of intersection P and 
P'of the circles passing respectively through M and N and having their 
centers at fixed points C and D on AB are on a circle concentric to (0), 
and that, if CD=R, we have the relation 

cos2 a+ cos23+ cos2 = 1 

between the angles a,o,y made by AM, BN, AQ with AB, Q being the 
point where the circle of center C and radius CA intersects the locus of P. 

16. Proposed by H. E. Bowie, American International College. 

A circle of radius 3-in. is tangent externally to a rectangle at the 
mid-point of one end. Two other circles, both of radius 2-in., are tan- 
gent externally to the two sides of the rectangle and to the first circle. 
The rectangle is 2-in. wide. Find the radius of a circle to which the 
three given circles are tangent internally 

17. Proposed by Pedro A. Piza, San Juan, P. R. 

Let x, y and z be any three arbitrary non-zero integers, and let p be 

http://www.jstor.org/page/info/about/policies/terms.jsp


160 MATHEMATICS MAGAZINE 

a prime number greater than 2. Prove that for any value of p what- 
soever 

[ (x+y) (x+z)] -[ x(x+y+z)] -[ yz] " =Pxyz(x+y) (x+z) (x+y+z)K 

where K is always an integer. 

18. Proposed by Anonymous. 

Shortage in button-board has led many to substitute sheet rock, 
which comes in sheets 4 feet by 8 feet, in which they have bored holes 
one-half inch in diameter in such a way that no point on the surface of 
the plaster-board is more than three inches from the perimeter of the 
nearest hole. What is the minimum number of holes that can be used? 

MATHEMATICAL MISCELLANY 
Edited by 

MARIAN E. STARK 

Let us know (briefly) of unusual and successful programs put on by 
your Mathematics Club, of new uses of mathematics, of famous problems 
solved, and so on. Brief letters concerning the MATHEMATICS MAGAZINE 
or concerning other "matters mathematically" will be welcome. Address: 
MARIAN E. STARK, Wellesley College, Wellesley 81, Mass. 

Any teacher of mathematics in a secondary school or college who 
has taught five years or less is urged to send this department a state- 
ment of not more than one short paragraph, containing what he con- 
siders the most important advice to give a teacher of our subject as he 
starts his career. The writer's name should be given, together with 
the name of the institution where he teaches and the numbec of years 
he has taught. The most interesting statements received will appear 
in this department from time to time. 

One report on a hobby of a mathematics teacher after "age 65" is 
at hand. A Harry Wheeler of Worchester, Mass., formerly of Clark 
University, has taken up the invention of games, more or less mathe- 
matical. 

Advice needed! What can be done with a college student who 
can do A work but is perfectly satisfied with C ? Such students are 
very infrequent, but exceedingly irritating. Of course, they have a 
right to choose how they will spend their time and energy. But how 
may one inspire them to a better choice than they are making? 
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"The Duodecimal Society of America is engaged in educating the 
public in counting by twelves, instead of tens, and in the application of 
the 12-Base in mathemnatics, weights and measures, and other branches 
of pure and applied science. Its Annuial Awards are conferred on those 
who have made outstanding contributions to the development of duo- 
decimals and to the advancement of the purposes of the Society." 

New York. THE DUODECIMAL SOCIETY OF AMERICA. 

"The calculation of r to mnany places of deciluals has had a fas- 
cination for many computers and various formulae have been used for 
the purpose. In 1841 William Rutherford, using a formula of Euler 
(1764). 

7r/4=4 tan-' 1/5-tan-1 1/70+tan-1 1/99, 

calculate the value of r correct to 152 places of decimals. Using the 
formula 

ir/4=tan-1 1/2+tan-1 1/5+tan-1 1/8 

Zaxharias Dase published in 1844 the correct value to 200 places of 
decimals. In 1853, with the formula of Machin (1706). 

ir/4==4 tan-1 1/5-tan-1 1/239, 

Rutherford extended his computation of the value of 7r correct to 440 
places of decimals. In the same year William Shanks, using Machin's 
formula, published a value to 607 places of decimals which was extended 
to 707 in a value published in 1873. In 1854 Richter's independent 
calculation of the value of r showed agreement with the result of Shanks, 
through the five hundredth decimal 

"Using the formula 

ir/4=3 tan-' 1/4+tan-1 1/20+tan-1 1/1985. 

Mr. D. F. Ferguson, of the University of Manchester, calculated r to 
710 places of decimals and showed (1946) that Shanks' value for ir was 
quite incorrect from the 529th decimal place on. Using the Machin 
formula Dr. John W. Wrench, Jr., of Washington, D. C., and Mrs. 
Levi B. Smith of Talbolton, Georgia, recalculated the value of 'r from the 
500th to the 808th place of decim.als. This iesult which is published in 
Mathematical Tables and Other Aids to Compputation, for April, 1947, 
may be regarded as a conmpanion to the value of e, computed to 808 
places of decimals by Peder Pedersen, also published in the above-men- 
tioned periodical, April, 1946. 

"To Euler (1707-1783) is due an extraordinary formula connecting 
the 'five most important numbers in mathematics', namely: ei7++1=0. 
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Our notations e, i =-1, are also due to Euler. The use of 7r as the 
ratio of the circumference of a circle to its diameter was first given by 
William Jones, in his Synopsis Painarioruin MAathteseos, London, 1706, 
p. 243." 

Correction. In the September-October number of the MAGAZINE 
on page 59 read Peder Pedersen for Peder Pederson. 

At Duke University an Institute for Teachers of Mathematics was 
held, August 5-15, 1947, with the general theme "Mathematics at Work". 
Any reader who attended the Institute is invited to report to this de- 
partment briefly on interesting results there. One or more reports 
could be published. 

Princeton University has published a pamphlet concerning the 
Conference on the Problems of Mathematics held in connection with its 
Bicentennial Celebration in 1946. Very interesting reading! Professor 
Solornon Lefschetz was the director of the Conference. 

A student, desiring to perform the integration 

f dO 
J tan 0 sec2O-tan 0 

notes that the cotangent is the reciprocal of the tangent, and hence any 
cofunction is the reciprocal of the function. He rewrites the integrand 
as follows 

(2) 1 =cot 0 csc20-cot 0. j tan 0 sec20-tan 0 

He then performs correctly the revised integration; and produces the 
correct answer. Irritating fact: (2) is an identity. 

Dartmotdh College. B. H. BROWN. 

Colonel W. E. Byrne of the MAGAZINE'S editorial staff is going to 
report to this department from time to time "news of the present status 
of mathematicians in France, their needs, etc." We learn from him 
that M. Gaston Julia has just returned from lecturing in Sweden and 
Norway. Can any reader supply news of our colleagues in other foreign 
countries? 

Correct Results by an Unorthodox Method. While resolving im- 
proper fractions into an integral function and two or 'iore partial 
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fractions in order to integrate, a student found that after obtaining the 
integral rational part of the answer he could sometimes find the partial 
fractions by an unorthodox procedure. This was to set the original 
fraction 

f(A) A1 A2 A? 
O(X) X-r1 X-r X-r,, 

wheire the denominators on the right are factors of +(X). The class 
found that, although this is not a sensible method to use, it works w hen 
the X-r1 are distinct as follows: 

f (x) = F(x) d(x) + R(x). 

For x=ri, O(x) =0, therefore f(ri) =R(r.). The R(ri) is the number 
obtained on the left in the usual procedure of substituting ri for x to 
obtain A1, A2, A,,, Obviously, when 0 contains repeated factors the 
method fails as we m.ust substitute numbers other than ri. 

A merican Interniatioiia College. H. E. BowIE. 

Professor Albert E. Meder, Jr. tells us that the following song was 
sung to the tune of "The Lorelei" at a party of the Mathematics Club 
of the New Jersey College for Wlomen, and that it is a translat on of a 
German poemll by K. Lasswitz, 1880, which appears on pages 27 and 28 
of Leitzmann's Lutsliges utnid Mllerkwlu-dige; von Zahlen und Formen, 
Breslau, 1928. 
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 SAD BALLAD OF THE JEALOUS CONES

 I. There once were two cones closely plighted
 In brotherly love and in bliss

 Upon the. same axis united
 Their vertices joined in a kiss

 And then a smooth plane came a flying
 (Its smoothness was chief of its charms)

 And quickly, without even trying
 Seized one of the cones in its arms.

 II. An element chose at its pleasure-
 Then parallel took up its place

 While joy settled down without measure
 Upon the parabola's face.

 The vertical cone found it tragic
 For never the gracious smooth plane

 Could cut it-not even by magic-
 It suffered in agonized pain.

 III. It urged and cajoled without ceasing
 And encouraged the plane soon to come

 With coaxing and begging and teasing
 It promised all comforts of home.

 The plane, which enjoyed being flattered
 Listened and heeded, entranced;

 A hyperbola now only mattered
 For beauty would thus be enhanced.

 IV. Serenely, with great satisfaction,
 The plane intersected each cone,

 But these were annoyed by its action,
 Each jealously deemed it its own

 Each jabbed with its point at its brother
 And tore at the unhappy plane

 On their axis they turned round each other
 And struggled with might and with main.
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 V. The plane cried, "Alas, cease your railings
 You're turning me round and round

 And though I despise finite failings
 I'll become an ellipse I'll be bound."

 The cones, tho' their struggle was needless
 Would cease not, not list to its call;

 And they pulled at each other, still heedless
 Of how the poor conic grew small.

 VI. As the angry cones still madly battled
 A terrible shriek rent the air;

 The plane thru the vertex had rattled-
 The section had gone now for fair.

 Two surfaces battered and rumpled
 Forever and ever apart

 A crushed little point, badly crumpled-
 The tragedy's end breaks my heart!l



H 

A HEATH MATHEMATICS TEXTS 
T 
H 
T ESSENTIALS OF ANALYTIC GEOMETRY 
x By) CURTISS aiid IllOULTON 

Slp11 i s LN Topics treated are those most essential as preparation 
_ .._.for the calculus and for enginering courses. M A T H E M A T I C S 239 text pages. $2.80 

ALGEBRAS bby IF.. HA R T: 

BRIEF COLLEGE ALGEBRA, Revised 
A rapid review of secondary algebra, followed by a complete 
treatment of college algebra. Special attention to the needs 
of technical students. 

292 text pages. $2.75 

INTRODUCTION TO COLLEGE ALGEBRA, Revised 
For students requiring instruction in fundamental algebra as 
part of a first college course which will cover only a minimum 
of collegiate topics. 

272 text pages. $2.50 

COLLEGE ALGEBRA, Third Edition 
A bridge between elementary and college algebra, with a com- 
plete treatment of the latter. 

362 text pages. $3.00 

D. C. HEATH AND COMPANY 
Bostoni New York Cllicago Atlaiita Sani Francisco Dallas Londoni 

Kindle-Miller: Statics 
lust publi'shed. A text which enables the freshman engineering student to 
co-ordinate his kn-iowledge of mechanics and mathemiatics with the solution 
of problems. Unusually clear, scientifically precise, profusely illustrated 
wvith diagrams. 

Scarborough-Wagner: Fundamentals of Statistics 
A concise, up-to-date presentation of the more general applications of statics 
for the lower college level. Organized for rapid, efficienit study with 
numerous well-chosen problems and illustrations. Scheduled for spr ing 
publication. 

GYINN A:ND COMPANY Boston 17 New York 11 

Chicago 16 Atlanta 3 Dallas 1 Columbus 16 San Francisco 3 Toronto 5 
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ALGEBRA 
By Harvey A. Simmons 

Presenting material sufficient for a year's course in college algebra, this 
text is outstanding because of the early introduction of the functional nota- 
tion; the extreme care with which the admissible values permitted for 
newvly defined mathematical symbols are clearly indicated as they make 
their first appearance; the painstakingly simple approaches to calculus, 
and the more important concepts of trigonometry and analytics. Ptub- 
lished January 20, 1948. $4.00. 

HARVEY A. SIMMONS is Associate Pr ofessor- of 
Alathematics, North western University 

E'LE'MEN'TARIY CONC'EPTS 
OF MATiHEMATICS 

By Burton W. Jones 

For students not intending to specialize in mathematics or science, this 
text is designed to provide a firmer undertanding of what mathematics 
they have had, and to supply additional training of both use and interest. 
It clarifies the every-day mathematical concepts often only dimly under- 
stood: compound interest, the graph, averages, probability and games of 
chance, cause versus coincidence. $4.00. 

BURTON W. JONES is Pr ofessor- of Mathematics, 
Cornell Univer sity 

THE MACMILLAN COMPANY 
60 Fifth Avenue * New York 11 
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Charles H. Sisam 
Concise 
Analytic 

Geometry 
An excellent, well-rounded, and brief treatment of the subject, 
this text is thoroughly adapted to use in the short course in 
analytics. 
Clear and complete in spite of its brevity, this book is made even 
more flexible and useful in the classroom by the inclusion of 
more than 1,100 exercises and problems graded to meet the needs 
of students of varying ability. 
155 pages 1946 $2.00 

Analytic 
Geometry 

A long-standing favorite in the field of mathematics, this text is 
designed to drill the student in the essentials of plane and solid 
analytical geometry and present him with over 1,000 graded exer- 
cises and problems. 
310 pages 1936 $2.20 

Edward A. Cameron 
Brief Trigonometry 

In a clear, concise manner, this text presents a survey of the essen- 
tials of plane trigononmetry. It may be covered in thirty lessons or 
less. The emphasis is on application and solution of practical 
problems. 
121 pages 1941 $1.50 

Clif ford Bell and 
Tracy Y. Thomas 

Essentials of Plane and 
Spherical Trigonometry 

Revised Edition 
In this enlarged post-war edition of a successful text, the authors 
have revised their treatment to adapt it to present-day courses. 
Problems stressing practical applications are presented at the close 
of each chapter; the text also includes excellent five-place tables. 
246 pages 1946 $2.30 

HENRY HOLT AND COMPANY 
257 FOURTH AVENUE NEW YORK CITY 
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4 Important and Timely McGraw-Hill Texts 

Third Edition 

ELEMENTARY DIFFERENTIAL 
EQUATIONS 
By LYMAN M. KELLS 

Professor of Mathematics, United States Naval Academy, Annapolis, 
Maryland. 333 pages, 51/2 x 8, 90 illustrations, $3.00 

The third edition of this standard textbook is a thorough re-vision. Prac- 
tically every article has been clarified, expanded, and strengthened and the 
material in most sections has been revamped to obtain more logical order 
and greater simplicity. Especially suitable for students of engineering and 
applied sciences. This text in previous editions has been used by over 
2000 colleges and universities. 

COLL,EGE ALGEBR' 
By PAUL K. REES, Professor of Mathematics, Louisiana State 
University, and FRED W. SPARKS, Professor of Mathematics, Texas 
Technological College. Second Edition. 403 pages, 51/4 x 81/4, 23 

illustrations. $2.75 

Presents a lucid, logical, and teachable treatment of college algebra. The 
authors have included more thani the usual number of formal definitions, 
illustrated by judiciously chosen, carefully explained examples. The order 
of topics has been changed to afford more adequate review material for 
the student with only one year of high school algebra. 

DIFFERENTIAL AND INTEGRAL 
CALCULUS 

By ROSS R. MIDDLEMISS 
Professor of Applied Mathematics, Washington University. 

505 pages, 5'/4 x 81/4, 218 illustrations, $3.50 

This book, now in its second edition, has been used with marked success 
in over 100 institutions. Many teachers find it an unusual combination of 
clarity, simplicity, and a high degree of accuracy that leads the student to 
a real understanding of the subject. 

ANALYTIC GEOMETRY 
By FREDERICK S. NOWLAN, Professor of Mathematics, University of 
British Columbia. Third Edition, 355 pages, 220 illustrations. $2.75 

A clear and concise treatment vwhich is in complete understanding wvith the 
student's point of view and at the same time is strictly rigorous and 
analytic in character. Arr!angement of material permits considerable 
elasticity in the order of presentation. 

SEND FOR COPIES ON APPROTVAL 

McGRAW-HILL BOOK COMPANY 
330 West 42nd Street New York 18, N. Y. 
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Ready in February 

BA IC ATHEMATICS 
M. WILES KELLER 

Purdue University 

JAMES H. ZANT 
Oklahoma Agricultural and Mechanical College 

BASIC MATHEMATICS is a workbook planned for 

use (1) as a refresher course for students who have for- 

gotten much of the mathematics they learned in high 

school; (2) as a text for students who are not planning to 

take advanced courses in mathematics but need sufficient 

mathematical background for basic work in the sciences, 

home economics, pharmacy, agriculture, pre-medicine, 

etc. The authors have endeavored to write the book so 

that it can be used either by a student working inde- 

pendently or as a basic text in a class under the supervi- 

sion of an instructor. 

The successful approach of BASIC MATHEMATICS 

is based upon (1) the discovery through a testing pro- 

gram of the topics which need attention; (2) the provi- 

sion of a minimum yet ample amount of explanation; 

(3) the use of step-by-step illustrations to accompany 

rules; (4) the provision of a large number of problems, 

presented so that the student is taught not only how to 

recognize a particular type of problem but also how to 

solve it. 

HOUGHTON MIFFLIN COMPANY 
Boston Netw York Chicago Dalltas Atlanta Sant Francisco 
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OUR CONTRIBUTORS 
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